Abstract-In this paper, we present nonlinear control algorithms to compensate for kinematic error in harmonic drives, thus forming a solid basis to improve their performance in precision positioning applications. Kinematic error, defined as deviation between expected and actual output positions, influences performance by producing static positioning error and inducing dynamic vibration effects. Its compensation is difficult because of its nonlinear behavior and dependence on drive type, assembly, environmental conditions, and drive load. The Lyapunov-based closed-loop control algorithms presented in this paper compensate for the kinematic error irrespective of its form in setpoint and trajectory tracking applications (Rice University patent pending). Simulation and experimental results obtained with a dedicated harmonic drive test setup verify the effectiveness of the proposed controllers.
I. INTRODUCTION
H ARMONIC drives are special flexible gear transmission systems. Their typical construction with meshing at two diametrically opposite ends gives them many useful properties. These include compact design with low weight, high gear reduction with almost zero backlash, and high torque-to-weight ratio. Hence, these drives are popular in many precision positioning applications such as wafer handling and laser mirror positioning machines in the semiconductor industry, lens grinding machines, and precision measuring devices [1] . They are also ideal for space robots and satellite actuators due to their high torque-to-weight ratio which enables them to be directly mounted at robot joints. Additionally, they are widely used in tracking devices for military and commercial applications. Harmonic drives are making headway in industrial as well as military and space applications.
A harmonic drive is composed of the components identified in Fig. 1(a) . The wave generator is a rigid steel core having an elliptical shape with very small eccentricity. It is surrounded by a flexible race ball bearing. The flexible spline (or flexspline) is a thin-walled hollow cup made up of alloy steel. External gear teeth are machined at the open end of this cup and the closed end is connected to the output shaft. The circular spline is a rigid internal gear having two teeth more than those on the flexspline. Upon assembly, the wave generator fits into the open end of the flexspline cup and gives it an elliptical shape at that end. The circular spline teeth then mesh with the flexspline teeth at the major axis of the ellipse defined by the wave generator. A fully assembled harmonic drive is shown in Fig. 1(b) . In the most common speed reduction configuration, the wave generator serves as the input port, the flexspline acts as the output port, and the circular spline is held immobile. The concept of harmonic drives was conceived and developed during the mid-1950s [3] , [4] . Their industrial use for different applications has been growing since then. However, research in the theoretical aspects of their transmission characteristics has not been extensive. Most of the work in this area has been carried out in nonlinear transmission attributes including kinematic error, flexibility, and hysteresis [5] - [12] , and in design attributes including tooth stresses and geometry [13] - [15] .
Of the different transmission attributes mentioned above, kinematic error is of foremost concern for precision positioning applications. Kinematic error is defined as the deviation between the expected output position and the actual output position. It is given by the following equation (see Fig. 2 ):
(1) where is the rotation of the motor shaft attached to the wave generator, is the gear reduction ratio, and is the rotation of the output shaft connected to the flexspline or the circular spline as the case may be. The experimental kinematic error waveforms presented in the literature [9] , [12] show small magnitude with periodic nature; for instance, the waveform reported in [12] (see Fig. 2 ) is periodic with magnitude of 0.05 . Also, the fundamental frequency of these waveforms is reported to be twice the frequency of wave generator rotation. In addition to the fundamental, small high-frequency error components are observed. Besides producing a static error in load position, kinematic error acts as a periodic exciter and causes undesirable vibration effects. These vibrations serve as an energy sink and produce dramatic torque losses and velocity fluctuations [9] . Thus, kinematic error has both static and dynamic effects which lead to performance degradation in precision regulation and tracking. Hence, compensation of kinematic error is of utmost importance for precision positioning with harmonic drives.
Properties of kinematic error and causes of its occurrence have been studied in the past by several researchers [5] - [8] , [16] . It is only recently that we completely characterized kinematic error in [12] where we found that it differs for different drives, speeds, assemblies, and loading conditions. In particular, we reported in [12] that as motor speed is increased, kinematic error waveform gets colored by flexibility effects. Hence, the concept of "pure form" of kinematic error was introduced for the first time in [12] . The pure form, defined at a low speed, goes on varying as the load on output shaft is increased. Also, the pure form changes with variations in assembly conditions. The sensitivity of kinematic error to assembly, load, and speed as we reported in [12] explained the variability of the experimental error waveforms that appear in the literature [8] , [16] , [12] . In addition, kinematic error was reported to be sensitive to environmental conditions [8] , [12] . Thus, compensation of this nonlinear, operating condition-dependent, drive-specific kinematic error poses a challenging task.
To the best of our knowledge, the complete compensation of kinematic error in setpoint and trajectory tracking with harmonic drives has not yet been achieved. The only attempts in the past to compensate for kinematic error have been made in [8] and [17] . In [8] , the kinematic error was approximated with a simple sinusoid in the following way:
The higher frequency components in the error were neglected. Based on this approximation, for a given load trajectory , the trajectory to be traversed by the motor was determined using (1). Next, the motor position was controlled to follow the trajectory , thereby partially compensating for the kinematic error when the output tracks the trajectory . This scheme required prior knowledge of the error waveform, and also it did not account for the error sensitivity to different factors reported in [12] and mentioned above. This compensation can be considered open loop because no load side feedback is used. The active compensation approach of [17] differed from the approach of [8] in that in [17] disturbance is injected at the current controller input to compensate for the error. Before implementing this scheme, the disturbance injection signal had to be calibrated based on the kinematic error profile, for which the measurement of acceleration at the output is used. Thus, this scheme too required prior knowledge of the kinematic error in a different way and accomplished the compensation task in the open-loop sense. Additionally, once calibrated, the scheme does not promise complete compensation with changed assembly, loading and environmental conditions. Thus, both of these approaches seek to compensate for the error in an open-loop sense, using the stored information of the kinematic error.
In this paper, we propose control algorithms to completely compensate for kinematic error without using prior information of the error form. We first develop a mathematical model that represents nonlinear dynamic effects of kinematic error in harmonic drives. A general form of kinematic error is assumed while deriving the equations of motion of a drive using Lagrange formulation. Next, with reference to this model, nonlinear control algorithms are proposed to compensate completely for the kinematic error both in setpoint and trajectory tracking. The asymptotic stability of error dynamics equilibrium with the proposed controllers is demonstrated using Lyapunov theory. Furthermore, simulation and experimental results obtained using a dedicated harmonic drive test setup verify the effectiveness of these controllers. The proposed controllers achieve the compensation task independent of the form of kinematic error and no prior information regarding the form is necessary. The control scheme uses both load side and motor side feedback instead. Hence, it is a closed-loop approach as opposed to the open-loop approach (that uses only motor side feedback) used in [8] and [17] . Thus, our compensation approach differs distinctly from that of [8] and [17] , the major difference being that we seek complete compensation irrespective of the error form using a closed-loop algorithm.
This paper is organized as follows. First, Section II presents the Lagrangian dynamic model of a dedicated harmonic drive test setup and then discusses the important model properties which are used later in the controller stability analysis. Section III presents a setpoint control algorithm along with the corresponding stability proof based on Lyapunov theory. Section IV presents a trajectory tracking control algorithm along with the stability proof. The results of simulations and experiments obtained with these algorithms are presented in Section V. This section also discusses various issues involved in the experimental implementation of the controllers. Finally, Section VI summarizes the results.
II. DYNAMIC MODEL OF A HARMONIC DRIVE TEST SETUP
This section presents a mathematical model of a dedicated harmonic drive test setup developed in [18] and used for the purpose of this work. In addition, the properties of this model that are important from a control perspective are presented. Since the focus of this work is kinematic error, it is represented in its most general form , and the flexibility and friction effects are neglected while deriving the equations governing the system dynamics. The experimental conditions are tailored to minimize excitation of flexibility and to avoid dynamic friction effects. In particular, the static friction effects are compensated for by using a Coulomb friction model, and unidirectional motion with slow speeds is maintained in all the experiments. Fig. 3 shows a schematic diagram of the test setup that is depicted in Fig. 8 and described in Appendix I. The diagram shows all the parameters of the system, and Table I lists their values. These values are obtained experimentally using standard system identification techniques and are further verified using manufacturers' data. Note that the torque sensor shown in the figure is not used for the purpose of this work.
Considering the assumptions mentioned above, the kinetic energy of the system and the Rayleigh function for energy dissipation are given by (2) The two variables, motor position and load position in the equations above, are constrained by (1) which defines the kinematic error . Thus the system has only one degree of freedom, and it can be expressed in terms of either the motor variable or the load variable . By rearranging (1), we get
Differentiating this equation with respect to time yields (4) where (5) The variable can be interpreted as a new gear transmission ratio which depends on the motor position due to the effects of kinematic error. Using relation (4) between motor velocity and load velocity, the kinetic energy and the Rayleigh energy can be represented either in terms of motor variables or in terms of load variables. Differentiating (5) with respect to time, we get (6) where (7) Representing and in terms of for the Lagrange formulation with as an independent variable and using (5) and (6), we get a single second-order nonlinear differential equation governing the system dynamics in terms of load variables ( ) as We use (9) for the purpose of stability analysis presented in Sections III and IV, and the equivalent equation (10) for the purpose of simulation. From (9) we observe that when the quantity , the system becomes singular. However, according to Property B.1 in Appendix II, is found to be always nonzero. Next, we state and prove the property of the dynamic model represented by (9) .
Property II.1: With reference to (9) , is zero. Proof: By differentiating with respect to time, we get (11) Now, from (4) and (6), it follows that (12) This skew-symmetry property will be used later for the Lyapunov stability analysis of the controllers.
To carry out simulations using (9) or (10), we need the kinematic error profile and its two successive derivatives with respect to . This requires that the discrete experimental data for be represented in a continuous and at least twice differentiable function of . This can be achieved, as shown in [12] , by first representing the discrete data in the form of a piecewise continuous curve and then using a projection of this curve onto the finite-dimensional basis of Fourier eigenfunctions. In other words, we use the best approximation of the experimental profile in the subspace spanned by a finite number (in this case 16) of Fourier eigenfunctions. The profile is thus represented by [12] (13) where and (14) The Fourier coefficients ( ) are obtained by using numerical integration techniques and linear interpolation of the data.
In the next two sections, in order to achieve high precision positioning, we develop setpoint and trajectory tracking control strategies that compensate for the kinematic error.
III. SETPOINT CONTROL
Based on the model dynamics derived previously, this section develops a control law to compensate for kinematic error in setpoint control of load position. The asymptotic stability in compensation is proved using Lyapunov stability theory.
Let the setpoint control problem consist of driving the load shaft position to a constant reference position . Let both motor and load state feedback be available as shown in Fig. 4 . Note that and are zero since is constant. In this setting, we present in the following theorem, a setpoint control strategy to drive the load position to the reference position , thereby compensating completely for the kinematic error.
Theorem 1: In reference to the harmonic drive plant dynamics [(9) or (10)], let the control input be given by the following PD-type controller: (15) where and are positive constants, and is defined as . Then the load will be driven to the reference position such that and as , for all kinematic error profiles . Note that the control algorithm does not contain an acceleration term.
Proof: By substituting the control law given by (15) into (9), we get the following equation governing the error dynamics: (16) where defines the error in the load position and Note that since is constant, (16) represents an autonomous system.
Next, let us consider the energy-based function (17) where the first term corresponds to the kinetic energy of the system and the second term accounts for the potential energy due to proportional feedback. Since , , and , is a positive definite function [19] and hence is a suitable Lyapunov function candidate. Now (18) since and are both positive. It follows that the equilibrium is stable. Asymptotic stability follows by invoking LaSalle's theorem [19] .
IV. TRACKING CONTROL
This section focuses on trajectory tracking with harmonic drives using a nonlinear control algorithm to compensate for kinematic error. We present a control strategy for tracking the load position along a desired trajectory and the corresponding stability proof. With this strategy, we prove, as in the case of setpoint control, that the tracking error asymptotically approaches zero irrespective of the profile of kinematic error.
Assume that the load position is to track a reference trajectory . Let be a twice differentiable function of time . Furthermore, let both motor and load state feedback be available (see Fig. 4 ). In this setting, we present the following trajectory tracking control algorithm.
Theorem 2: In reference to harmonic drive plant dynamics [see (9) or (10)], let the control input be given by the following controller: (19) where and are positive constants. Then the load will be driven to follow the reference trajectory such that , and as , for all kinematic error profiles . Proof: By substituting (19) into (9), we get the following equation in terms of the new error variable : (20) where . Note that (20) represents a nonautonomous system. Next, let us again consider a function (21) Since and bounded (see Property B.1 in Appendix II), and , is positive definite and decrescent [19] and hence is a suitable Lyapunov function candidate. Differentiating and making simplifications using (9) and Property II.1, we get (22) Note that (negative definite), since , are both positive. Hence, equilibrium is asymptotically stable [19] , and the controller achieves successful tracking irrespective of the profile of kinematic error.
V. SIMULATION AND EXPERIMENTAL RESULTS
The control algorithms developed in Sections III and IV are implemented in simulation using the ordinary differential equation solver in MATLAB [22] . The experimental implementation is carried out using our dedicated harmonic drive test setup of Fig. 8 . This section presents the important issues in experimental implementation and the results of simulations and experiments.
A. Experimental Implementation
The experimental implementation of the control schemes presented in Sections III and IV does not require any prior information regarding the profile of the kinematic error . All the required terms in the control law are computed online. This section deals with different issues involved in these computations.
Computation of : Digital implementation of can be realized using a causal approximation of derivative terms in (4). Thus, we have (23) where the operator represents the difference between the value of variable at a given sampling instant and that at a previous sampling instant. As , (23) indicates a possible singularity. We carry out the following analysis to implement the computation devoid of singularity. The variational analysis of (1) shows that (24) By dividing the equation by , rearranging the terms, and taking limit as on both the sides, we get (25) The term represents the slope of the kinematic error curve. As , this term tends to be constant at a given motor position . Hence as , it follows from equation (25) that tends to remain constant at whatever value it has at that position. This constant value can not be equal to as given in property B.1 (see Appendix II). With this understanding, the computation of is implemented devoid of singularity.
Another issue in computing is that the numerical approximation of a derivative induces unnecessary high-frequency components. To reduce these high-frequency components and to reduce further the error in computation of , is filtered using a suitable second-order low-pass filter.
Computation of : From (5), we can get as (26) where is computed as in the previous section. Next, we can represent using a similar causal approximation of derivative as (27) We use this formula to compute the second derivative . Again, we may expect a singularity as . As in the previous case, the singularity can be avoided by obtaining the value of in the limiting case as or equivalently as . We know from the analysis in the previous case that tends to be a constant as . Similarly, which represents the slope of curve tends to remain constant as . In this case again, to remove the high-frequency components induced by the approximation of derivative, the signal is filtered using a second-order low-pass filter.
Compensation for Friction:
The friction in the drive is not considered in the mathematical model. Hence, the experimental conditions are tailored to suit the model. We assume a static Coulomb friction model for compensation and maintain unidirectional motion to avoid dynamic friction effects. The control input is modified based on the Coulomb model used for compensating friction (28) where represents the Coulomb friction term. This friction is identified based on simple experiments. To realize the unidirectional motion in the setpoint and trajectory tracking experiments, the gain parameters and are chosen to avoid overshoot. Also, in tracking experiments, the reference trajectory is chosen such that the reference velocity does not change sign, thereby ensuring the unidirectional motion.
B. Setpoint Control Results
Fig . 5 presents the simulation and experimental error history in implementing the setpoint control strategy. We observe that the load position error ( ) finally goes to zero in simulation and to a point within the encoder resolution in experiments. Thus, a successful compensation of kinematic error in setpoint control of harmonic drive is achieved as proposed. In the steady state, the observation of motor position error (computed as ) shows a constant error which corresponds to the kinematic error at the final motor position. The final kinematic error can have different value in simulation and experiments. This is because the kinematic error profile used in simulation may differ from that in the experiments due to its de- pendence on different factors mentioned already. Also, a phase lag between the two profiles can be another source of this difference. From the final shift in the motor position, we can conclude that the controller dynamically adjusts the motor position so as to make the load position error-free. In this way, the controller achieves complete compensation for the error. Close observation of the results shows that there is an overshoot in the results of simulation but not in those of experiments for the same gain values. This can be attributed to unmodeled dynamic friction effects which become dominant near zero velocities.
C. Tracking Control Results
Fig . 6 shows the simulation and experimental steady state results when the load position tracks a trajectory defined by . The gain values used in tracking are also listed in the figure. Note that the trajectory is chosen to have a unidirectional motion to avoid dynamic friction effects and also lower velocities are used to minimize the unmodeled flexibility effects. We observe that the load position error again goes to zero in simulation and close to the limits on the resolution of encoder in experiments. Fig. 7 clearly distinguishes the tracking error from the kinematic error produced in the absence of the controller. The kinematic error profile shown in the figure is obtained in an open-loop experiment with constant torque input to the motor. Thus, reasonable tracking of load position is achieved within the experimental constraints. The small-amplitude high-frequency discrepancy in the experimental results can be attributed to unmodeled flexibility effects and the error in the computation of numerical derivative . Also, Coulomb friction model which was assumed to represent the friction in the drive is not rich enough for the purpose of complete friction compensation. The motor position error profile in Fig. 6 shows the reflected kinematic error both in simulation and experiments. Thus, the tracking controller also adjusts the motor position dynamically so as to make the load position error-free. Complete modeling of the harmonic drive system considering flexibility and friction (hysteresis) is currently under study.
VI. CONCLUSION
This work presented nonlinear control algorithms for closed-loop compensation of kinematic error in setpoint and trajectory tracking with harmonic drives. Using Lyapunov stability theory, we proved that the steady-state error in the load position can be driven to zero with these algorithms. Furthermore, these algorithms do not require any information regarding the nonlinear, drive-specific kinematic error profile. Experimental and simulation results verify the effectiveness of these algorithms. Thus, these profile-independent algorithms can compensate for kinematic error in harmonic drives under varying operating conditions and, hence, would be very useful for precision control applications.
APPENDIX I DESCRIPTION OF HARMONIC DRIVE TEST APPARATUS
The dedicated apparatus for experimental examination of the nonlinearities in harmonic drives has been developed in [18] and is briefly described in this section. The system is composed of a servo motor, a harmonic drive (HDC-40 [2] ) assembly module, and a digital control module. The digital control module has electromechanical interface with the assembly module to acquire system information using various sensors. In particular, the motor position is monitored by a rotary encoder (resolution 0.045 ), the load position is measured by a laser rotary encoder (resolution 0.0018 ), and the load torque is measured with a dc-operated noncontact rotating torque sensor (note that torque sensor is not used for the purpose of this work). Fig. 8 shows the photograph of the system. As can be seen, the system operates in the vertical plane.
APPENDIX II PROPERTY OF KINEMATIC ERROR
Property B.1: The kinematic error in all harmonic drives is such that 1) and is bounded for any ; 2)
is bounded for any . Discussion of Property B.1: For kinematic error in all harmonic drives, we claim that
The claim is based on the nature of frequency response of kinematic error and the manufacturers' data regarding the kinematic error in harmonic drives. The frequency response of the kinematic error waveform, presented in Fig. 2 , is shown in Fig. 9 . We observe that the most significant contribution comes from the fundamental harmonic (twice the wave generator rotation ) and that the higher harmonics decay at fast rate. Now, the fundamental component can be represented by . The maximum contribution of to the derivative is . Similar contributions from higher terms would be , and so on. Hence, with a conservative approximation, the maximum possible value of is given by (30) In (30), we observe that the coefficients 2, 4, 6, … multiplying the contribution due to different harmonics increase linearly; however, amplitudes , , , decrease much faster as observed in Fig. 9 . Hence, we can consider the first six terms to be the most significant and approximate the sum as (31) Again, considering a conservative approximation, we replace in (31) by amplitude of kinematic error to get
Computation of this sum for different harmonic drives including the worst possible case shows that . For example, in the case of the harmonic drive used in this research, and for the worst possible conditions of loading and assembly. Thus is much larger than . It is possible that the frequency distribution may differ slightly based on a specific drive, assembly, loading, and environmental conditions. However, considering the conservative approximations in getting (32) and the fact that is still almost 3.3 times higher than , there is ample room for variation. Hence, for all harmonic drives we can conclude that . Also, since is bounded for all existing harmonic drives, it follows immediately from equation (32) and (5) that is also bounded.
Following similar arguments we can represent as
Again, since the high-frequency contributions decrease at a faster rate, we conclude boundedness of for bounded kinematic error.
